
In tro duction

Frequency Domain

In principle, the voltagesand currents in analogcircuits are arbitrary functions of time (we
call them signalsor waveforms). Analytical analysisof the circuit responseto an arbitrary
input waveform is di�cult and requires solution to a set of di�erential equations. Even
numerical analysisbecomesdi�cult when there are a lot of circuit elements. Fortunately,
there are ways to �nd the response of a linear circuit to time-dependent signal. These
approachesare basedon the following observations:

1. For circuits driv en by sinusoidal sources, the forced response of the state vari-
ables (curren ts and voltages) are all sinusoidal functions with the same frequency
as the source. We can solve these circuits easily using Phasors, for example

This is derived from the mathematical propertiesof sinusoidal functions. Forcedresponseof
a set of linear di�erential equation (circuit equations)to a sinusoidal function is a sinusoidal
function. This property leadsto special analysis tools for AC circuits using \phasors," or
using Fourier transform. AC steady-stateanalysisof linear circuits are covered in 60A/B.
When we usephasors,the circuit equation do not contain time anymore, but they include
frequency! . As such, this is usually called analysisin \frequency-domain" to di�erentiate
that from \time-domain" analysiswherewe solve the di�erential equation to �nd the circuit
response.

2. An y arbitrary but perio dic signal can be written as a sum of sinusoidal
functions using Fourier series expansion.

For example,a squarewave with period T or frequency! 0 = (2� )=T and amplitude Vm can
be written as:

v(t) =
4Vm

�

�

sin(! 0t) +
1
3

sin(3! 0t) +
1
5

sin(5! 0t) + :::
�

Signalswith frequenciesn! 0 (n integer) are called harmonicsof the fundamental frequency,
! 0. In generalthe amplitude of higher harmonicsbecomesmaller as n becomelarger. The
ideaof decomposition of a periodic function to a sumof sinusoidal functions canbe extended
to an arbitrary temporal function by using Fourier integrals. As such, in principle, any
function of time can be written as a sum of (or an integral of) sinusoidal functions.

3. Prop ortionalit y and superp osition principles state that response of a linear
circuit to a linear combination of sources is equiv alent to the linear combination
of circuit response to each individual source.

ECE60L Lecture Notes, Spring 2002 1



Basically, in a circuit with several independent sources,the valueof any state variable equals
to the algebraicsum of the individual contributions from each independent source.So, in a
circuit with a time-dependent source,wecanuseFourier seriesdecomposition and replacethe
sourcewith a linear combination of several sinusoidalsources.We canthen �nd the response
of the circuit to each sinusoidal sourceand then use proportionalit y and superposition to
�nd the responseto the time-dependent source.

For example,supposewe want have a circuit driven by a sourcethat canbe decomposedinto
v(t) = A cos(100t) + B cos(300t). We want to know the voltage acrossan element, �v(t). We
solve the circuit with the sourcecos(100t) and �nd the voltage acrossthe element interest,
suppose� cos(100t + � � ). We then repeat the analysiswith a sourcecos(300t) and �nd the
voltage acrossthe element interest, suppose� cos(300t + � � ). The responseof the circuit to
v(t) = A cos(100t) + B cos(300t), then is �v(t) = A� cos(100t + � � ) + B � cos(300t + � � ).

The problem is actually much simpler than the exampleabove. In principle, solution of AC
steady-statecircuit is simple and we typically �nd the responsethe circuit with frequency,
! as a parameter. We can then construct the response by replacing ! with frequencies
of interest in the response equation (e.g., set ! = 100 and 300 in the above example).
Another major simpli�cation ariseswhen the circuit responseis frequencyindependent. In
that case,the circuit responsecan be directly applied to any time-dependent function. For
example,in the aboveexample,if the circuit responseto cos(100t) andcos(300t) sourceswere,
respectively, � cos(100t) and � cos(300t) (frequencyindependent), then the circuit response
is simply: �v(t) = � v(t).

Therefore, we focus on circuits driv en by sinusoidal sources. We solve these
circuits in frequency domain. We try to �nd circuit parameters with frequency
! as a parameter to facilitate construction of response to an arbitrary function
of time. In particular, we are very in terested in regimes in whic h the circuit re-
sponse is indep endent of the frequency as the output wave-forms will be iden tical
to input signals.

Thereareseveral ways to solvethe circuit in frequencydomain,all having samemathematical
foundation. We can use phasors(which are really Fourier Transforms). Or, we can use
complex frequencydomain which is sometimescalled \s-domain" (s = � + j ! ). In junior
level coursesand beyond, you will probably usecomplex frequencydomain mainly. Circuit
analysiswith phasorsis su�cien t for the work we do in this class.

Analysis in frequencydomain is straight-forward. Resistors,capacitors, and inductors are
replacedby impedances,Z : Z = R for a resistor,Z = 1=(j ! C) for a capacitor and Z = j ! L
for an inductor. Impedancesobey Ohm's Law: V = Z I . Thus, with impedances,the circuit
reducesto a \resistive" circuit and all analysistechniquesof resistive circuits (node-voltage
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method, mesh-current method, Thevenin Theorem, etc.) apply. The only di�erence is that
analysisis performedusing complexvariables.

Circuit Comp onents

It is not practical to designa completecircuit as a whole from scratch. It is usually much
easierto break the circuit into components and designand analyzeeach component sepa-
rately. In this mannerwe can design\building blocks" (such asampli�ers, �lters, etc.) that
can be usedin a variety of devices.A typical analogcircuit is composedof a \source," one
or several \t wo-port networks," and a \load."

2-port
Network

Load2-port
Network

Source

Thevenin Theoremprovidesthe cornerstoneof the strategy to divide the circuit into compo-
nents and analyzeeach independently. Wecanseethis by examiningthe Thevenin Theorem.

Thev enin Theorem and Thev enin or Norton Equiv alents
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We know from linear circuit theory (SeeTextbook for 60A) that the I V characteristicsof a
two-terminal network is in the form of (using active sign convention):

V = Vt � Z t I ; Z t = Zn ; I nZn = Vt

which is similar to the I V characteristics of the Thevenin or Norton forms shown above.
Therefore,any two-terminal network can be replacedby its Thevenin or Norton equivalent.
An important corollary to the Thevenin Theorem is that if a two-terminal network does
not include an \independent source" it will be reducedto a single \imp edance"(even if it
includesdependent sources).

How to calculate the Thev enin equiv alent : You have seena detailed discussionof
Thevenin/Norton forms in ECE60A. In summary, the best method is to calculatetwo of the
the following three parameters: (1) Open-circuit voltage, Voc (found by setting I = 0) , (2)
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Short-circuit current, I sc (found by shorting the terminals of the two-terminal network, i.e.,
setting V = 0), and (3) Direct calculation of Z t which is the resistanceseenat the terminal
with the independent sources\killed" (i.e., their strength set equalto zero). Remember, you
shouldNOT kill dependent sources.The usual \rule of thumb" is to �nd Voc and I sc if there
is a dependent sourcein the problem, and to �nd Voc and Z t if there is no dependent source
in the problem. Then, onecan �nd the Thevenin and Norton parametersfrom:

Vt = Voc; I n = I sc; I nZ t = Vt

Example: Find the Thevenin and Norton Equivalent of the circuit below:

3 A

5 
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+
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V

W

W

I4 W

25 V

-
+

We needto �nd two of the three parame-
ters Voc, I sc, and Z t (Rt here). It is best to
�nd Voc and Z t for this problem(no depen-
dent source)but all threearecalculatedfor
demonstrationof the solution technique.
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W
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+
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I = 0

25 V

25 1V
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-
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1. Voc: Using node-voltage method and
noting that sinceI = 0, by KVL, V1 = Voc.

V1 � 25
5

� 3 +
V1

20
= 0

4V1 � 100� 60+ V1 = 0

V1 = 32V ! Voc = Vt = V1 = 32V

20

W

W

W4

tR

5 
2. Rt (killing the independent sources)
From the circuit, we have

Rt = 4 + (5 k 20) = 4 + 4 = 8 
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25 V

25 V 1
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-
+

3. I sc To calculate I sc by nodal analysis,
note that I sc = V1=4. Then,

V1 � 25
5

+
V1

4
� 3 +

V1

20
= 0

4V1 � 100+ 5V1 � 60+ V1 = 0

V1 = 16V ! I n = I sc =
V1

4
= 4A

So, the Thevenin/Norton parametersare: Vt = 32 V, I n = 4 A, and Rt = 8 
. (note,
Vt = I nRt .)

ECE60L Lecture Notes, Spring 2002 4



How to measure the Thev enin equiv alent : Suppose we have given a box with two
terminals and want to �nd the Thevenin equivalent of the circuit insidethe box. In principle,
we cannot usethe above technique and try to measureVoc, I sc, and Z t . We cannot turn o�
the input signal and usea ohm-meter to measureRt . Nor can we short the terminals and
measureI sc (there is a good chancethat we are going to ruin the circuit if we do that). In
principle, we can usea volt-meter (or scope) to measureVoc but careshouldbe taken asit is
not known a priori if the internal resistanceof the volt-meter (or scope) is large enoughto
act asan opencircuit (there areother complications). There is alsothe issueof measurement
error that oneshould consider

+

I

V

-

R

t

I n

V

Measurements

V

I

slope of -1/Rt

Insteadof measuringVoc, I sc, andZ t directly, it is best
to measurethe I V characteristicsof the two-terminal
network. We can do this by attaching a variable load
(a resistance)to the box, vary the load which changes
the output voltageand currents, and measureseveral
pair of I and V. Thesedata point should lie on the
I V line of the two-terminal network. Values of Vt ,
I n , and Rt can be read directly from the graph as
shown. This method is much better as by using a
\b est-�t" line to our data, we can minimize random
measurement errors.

How to �nd the Thev enin equiv alent using PSpice : You can usethe sametechnique
described above for measuringthe Thevenin parameterswith PSpice. Attach a \v ariable"
load to the circuit. Ask PSpiceto computeoutput voltageV asa function of load resistance
RL . UsePROBE to plot the output current I versusthe output voltageV and you will have
the I V characteristicsof the circuit.
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How each sub-circuit sees other elements

The strategy of dividing a circuit into individual components works becauseof the Thevenin
Theorem. Recall that any two-terminal network can be replacedby its Thevenin equivalent.
In addition, if a two-terminal network doesnot include an \independent source" it will be
reducedto a single\imp edance"(even if it includesdependent sources).

2-port
Network

2-port
Network

two-terminal network

Source Load

Source see this two-terminal network
Load sees this

Z LSource V

-

+What Source sees: The sourceseesa two-
terminal network. This two-terminal network
doesnot contain an independent source.Soit
can be reducedto a single impedance.

t i

t

i

I

V

+

-

Load

V

Z

+
-

What Load sees: The load seesa two-
terminal network. This two-terminal network
contains an independent source. So it can be
reducedto its Thevenin equivalent.

Network
2-port

-

+s

s i

i V L

oII

V o

+

-

+

Z

-
Z

V

What each two-p ort net work sees: Fol-
lowing the logic above, its obvious that each
two-port network seesa two-terminal network
containing an independent sourcein the input
side(can be reducedto a Thevenin form) and
a two-terminal network that doesnot contain
an independent sourceon the output side (so
it can be reducedto a single impedance).

The aboveobservations indicate that wedo not needto solvea completecircuit. For example,
for a particular two-port network, we only needto solve the circuit above (with Vs, Zs, and
ZL as parameters). Then, wherever this two-port network appearsin a circuit, we can use
theseresults.
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Tw o-p ort net works

As you can imagine, majorit y of components in electronic circuits are two-port networks.
For example, in a tape recorder, a large number of two-port networks exists between the
source(tape head)and the load (speakers). They amplify the signal, �lter out the unwanted
noise,and processthe signal. We study several two-port networks in 60L. As we noted in the
previouspage,we can designand analyzethesetwo-port networks using a simple model for
the previousstagesand a load impedancefor later stagesof the systemas is shown below.

Considerthe two-port network below. It \communicates" with the outsideworld (rest of the
circuit) through 4 parameters:Vi , I i , Vo, and I o. If wesolve the two-port network circuit once
and �nd the relationship between thesefour parameters,we do not needto do that again.
While any linear two-port network can be reducedto a combination of four elements (see
your circuit theory textbook), it is customary to use the following parametersto describe
the behavior of a two-port network.

Network
2-port

-

+s

s i

i V L

oII

V o

+

-

+

Z

-
Z

V

Voltage transfer function, H v(j ! ) =
Vo

Vi

Current transfer function, H i (j ! ) =
I o

I i

Equivalent input impedance,Z i (j ! ) =
Vi

I i

Equivalent output impedance,Zo(j ! ) =
Vo

I o

�
�
�
�
Vs =0

The equivalent output impedanceasde�ned above is the equivalent Thevenin impedanceof
a two-terminal network consistingof our 2-port network, Zs, and Vs.

What are ZL and Zs: Considera circuit in which our two-port network above is the \n th"
two-port network (see �gure in the previous page). In this case, the output voltage of
\n-1" two-port network is the sameas the input voltage of our \n th" two port network:
Vojn� 1 = Vi jn and the output voltage of our \n th" two-port network is the input voltage
to the \(n+1)th" two-port network: Vojn = Vi jn+1 (with the similar relationship between
the currents). The transfer function de�nitions above indicate that ZL is actually the input
impedanceof \(n+1)th" two-port network (next stage)and Zs is the output impedanceof
\(n-1)th" two-port network (previous stage).

In teraction between Comp onents & Voltage and Power Transfer

It is obvious from the de�nitions of transfer functions above that they depend on the values
of ZL and Zs. This meansthat when a two-port network is placed in a circuit, the output
impedanceof the previous stage(Zs = Z i jn� 1) and the input impedanceof the next stage
(ZL = Z i jn+1 ) a�ect the two-port network transfer functions.
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One is interested to �nd if there is a way to ensuregood coupling and maximum signal
transfer betweenconnectingtwo-port networks. Considerthe connectionbetweentwo two-
port network as is shown below.

Stage
nth (n+1)th

Stage

I

V

+

-

s

s

L

L

L

Stage
nth

Stage
(n+1)th

Z
+
-

V

Z

As we are interestedin the interaction betweenthe two-
port network, we replacethe \n th" two-port network and
all of the circuit to its left with its Thevenin equivalent.
From de�nitions of transfer functions above, we know
that Zs is actually the output impedanceof the \n th"
two-port network Zs = Zojn . Similarly the \(n+1)th"
two-port network and all of the circuitry to its right can
be replacedby its Thevenin equivalent, ZL (as there is
no independent source in there). Again, we note that
ZL = Z i jn+1

Good coupling between components typically meanslargest I L , VL or power, PL = VL I L .
Unfortunately, thesethree parametersdo not maximize simultaneously.

I L =
Vs

Zs + ZL
VL =

ZL

Zs + ZL
Vs PL = VL I L =

ZL

(Zs + ZL )2
V 2

s

0 1 2 3 4 5 6

RL/Rs

I Load
V Load
P Load

Values of I L , VL , and PL are plotted in the �g-
ure assumingVs and Zs are �xed. We can see
that best current coupling (maximum I L ) when
ZL = 0 (or e�ectively, ZL =ZS � 1) and the best
voltage coupling (maximum VL ) when ZL ! 1
(or e�ectively, ZL =ZS � 1). The best power
coupling (maximum PL ) is somewherein between
when ZL = Z �

s (RL = Rs and X L = X s).

Maximum voltage transfer:
ZL

ZS
� 1 ! VL jmax = Vs

Maximum current transfer:
ZL

ZS
� 1 ! I L jmax =

Vs

Zs

Maximum power transfer: ZL = Z �
s ! PL jmax =

V 2
s

4Zs

Maximum power transfer is not usually a criteria for coupling components (except the last
stageof coupling to the load). In most cases,we are interestedin good voltage coupling to
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keeppower dissipation in the circuit small. For example,considera CD player. The source
producesa low-voltage signal proportional to the information on the CD which needsto be
ampli�ed, translated into soundfrequencies,ampli�ed further, �ltered, etc. and then fed to
a speaker. In order to keep the circuit small and cheap, we amplify the signal and do the
signal processingwith signalsof substantial voltage but low current. This keep the power
dissipation in each stagesmall. Only in the last stage(power ampli�er) the signal current
is increasedto drive the load (speakers).

The criteria for best voltage coupling is ZL � Zs (VL � Vs). If we are modeling the inter-
action betweentwo two-port networks, Zs represent the output impedanceof the previous
stage,ZL represents the input resistanceof the next stage. Therefore,best voltage coupling
condition translates into ensuring that output imp edance of previous stage is much
smaller than input imp edance of the next stage.:

Zojn � Z i jn+1

And, a usefulgoal for designingtwo-port networks is to ensure that input imp edance is
large and output imp edance is small.

Network
2-port

-

+s

s i

i V L

oII

V o

+

-

+

Z

-
Z

V
In this course, we examine many two-
port networks, calculate their parameters
(transfer functions and input and output
impedances),and experiment with them in
the Lab.

We showed that in generalwe needto solve a circuit as is shown. Examination of the de�ni-
tions of parametersof the two-port network shows that only Zo dependson Zs. Furthermore,
if we follow the good practiceof designingcircuits with low output impedanceand high input
impedance,one can easily show that Zo will becomeindependent of Zs. So, for the rest of
this course,Zs is ignored(then, Vs = Vi ). Furthermore, to facilitate understandingof circuit
behavior, we will �rst solve all of the circuits assumingZL ! 1 (this is the sameassetting
Zojn � Z i jn+1 . We will then investigate the impact of adding a load to the circuit (called
terminated networks).
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Voltage divider as an example of a two-p ort net work

Lo
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s

o
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i

2
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-

I
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+

+
R

V

R
V

V R

-

+
R

I i =
Vs

Rs + R1 + R2 k RL

I o = �
Vo

RL

Vo = (R2 k RL )I i =
R2 k RL

Rs + R1 + R2 k RL
Vs

Vi = (R1 + R2 k RL )I i =
R1 + R2 k RL

Rs + R1 + R2 k RL
Vs

From the above we can now calculate the parametersof our two-port network:

Hv =
Vo

Vi
=

R2 k RL

R1 + R2 k RL
H i =

I o

I i
=

R2 k RL

RL

Z i =
Vi

I i
= R1 + R2 k RL Zo =

Vo

I o

�
�
�
�
Vs =0

= (Rs + R1) k R2

Note that the transfer functions are independent of the value of input signal strength, Vi

(becausethe circuit is linear) and the parametersof the two-port network \depend" on values
of Rs and RL . For this case,the transfer functions are frequencyindependent (no capacitor
or inductor in the circuit).

Condition of best voltage coupling is RL � Zo (this meansthat Hv will be independent of
RL and Hv is at its maximum value). For simplicity, let's considera casewith Rs = 0. In
this case,

RL � Zo =
R1R2

R1 + R2
! RL R1 + RL R2 � R1R2

Replacingfor R2 k RL = R2RL =(R2 + RL ) in Hv, we get

Hv(j ! ) =
R2RL

R1R2 + R1RL + R2RL

Using RL R1 + RL R2 � R1R2, we can drop R1R2 term in the denominator of Hv:

Hv(j ! ) �
R2RL

R1RL + R2RL
=

R2

R1 + R2

which is independent of RL . Note that the value of Hv is exactly the value of H v in absence
of any load (i.e., RL ! 1 ). It is also straight forward to show that this value represent
the maximum value of Hv in the presenceof any load and, thus, represents the best voltage
coupling.
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